In [Phys. Rev. Lett. 124, 101103 (2020)], a universal relation between corrections to entropy and extremality was proposed. The relation was also found to exactly hold for the four-dimensional charged AdS black hole. In this paper, we extend the study to the rotating BTZ and Kerr-AdS black holes when a constant correction to General Relativity is considered for the first time. The entropy and extremality bound are calculated, and they have a closely dependent behavior with the coupling parameter of the constant correction. We confirm the universal relation for the rotating AdS black holes. Furthermore, taking into consideration of the shift of the angular momentum, we confirm one more new universal relation for the rotating cases. In particular, we state a conjecture on a universal relation, which gives a universal conjecture relation between the shifted thermodynamic quantities for arbitrary black hole background. We believe that these universal relations will shed new light on the region of the quantum gravity.
In particular, Goon and Penco proposed a universal thermodynamic extremality relation [17] ∂M ext ( Q, )
where is the control parameter of the correction, M ext , T , and S are, respectively, the mass bound, temperature, and entropy of the black hole after the correction, and Q denotes the extensive quantities of the black hole thermodynamics. For instance, Q is the charge and angular momentum for the charged and rotating black holes, respectively. It was also found that this relation is exactly hold for the four-dimensional charged AdS black hole. This relation displays the black hole WGC-like behavior. Subsequently, the authors of Ref. [18] computed the four-derivative corrections to the geometry of charged AdS black holes for general dimensions and horizon geometries, and confirmed the Goon-Penco relation (2) . Other related works can be found in Refs. [19, 20] . So far, however, these ideas have not fully made their way to the rotating black holes in AdS space. Therefore, in this paper, we will focus on the Goon-Penco relation (2) in the background of rotating BTZ and Kerr-AdS black holes when a constant correction, which can also be understood as a leading-order correction, is added to the black hole action. Furthermore, the rotating black holes also provide us a good chance to examine whether some new equality holds when the angular momentum shifts. Therefore, we will also check the following new angular momentum-extremality relation as an attempt,
The paper is organized as follows. In Sec. II, we plan to check the extremality relations (2) and (3) for the rotating BTZ black hole. Then we apply it to the rotating Kerr-AdS black hole in Sec. III. Finally, we end up this paper with a brief summary and give a conjecture of an extended extremality relation.
II. ROTATING BTZ BLACK HOLE
Here we consider the three-dimensional rotating BTZ black hole [21] . The corresponding action reads
Here G is the the gravitational constant in three-dimensional spacetime and will be set to G = 1/8 for simplicity, and the cosmological constant Λ relates to the AdS radius l as Λ = −1/l 2 . Solving the Einstein field equation, the line element for the black hole can be obtained as
where the metric function is given by
The parameters M and J are the mass and angular momentum, respectively. The outer and inner horizons are located at f (r ± ) = 0, where
The black hole entropy S = 4πr + . Further, the black hole mass, temperature, and angular velocity can be expressed in terms of S and J as
Now we consider a small constant correction to the action,
Here we assume that is a small parameter, and when → 0, we get the uncorrected action. For simplicity, we can reformulate the action such that
Due to the correction, the black hole solution will be shifted. The shifted mass and temperature will be of the following forms
The extremality bound for this black hole will also be modified. By solving T = 0, the new extremality can be obtained as
It is clear that the extremal entropy bound is decreased by a positive correction parameter . In the following, we aim to check the relation (2) . Solving from (13), one gets
Taking the derivative of it with respect to S, one can get
Combining (14) and (17), we obtain
By making use of (15) at the extremality, the above relation (18) is reduced to
In order to calculate the left side of (2), we insert the entropy at the extremality into the mass (13) to obtain the mass bound,
It is clear that a positive constant correction parameter will increase the mass bound, so this is a hint that the correction could satisfy the corresponding WGC condition for the rotating black hole. After the differentiation, we have
which is exactly the same with (19) . Therefore, we confirm the Goon-Penco extremality relation (2) for the rotating BTZ black hole under the constant correction of the action:
Next, we would like to examine the second relation (3). By using (15) and (20), we can obtain the shift of the mass bound
With the help of (16), it is easy to get
Multiplying by the angular velocity and taking the extremality, we have
Comparing with (23), it is obvious that our angular momentum-extremality relation (3) is exactly confirmed.
III. ROTATING KERR-ADS BLACK HOLE
Now, we would like to consider the rotating Kerr-AdS black hole case in four dimensions following the same process showed above.
The line element of the Kerr-AdS black hole is
with the metric functions given by
This solution is obtained by solving the following action
Note that, different form the statement above, G is set to be 1 in this section. Now we consider a small constant correction and reformulate the action as
with the small correction parameter. The Kerr-AdS black hole solution (26-28) will be recovered when = 0. For a nonvanishing , the shifted mass can be obtained according to the Christodoulou-Ruffini-like squared-mass formula for the Kerr-AdS black hole [22] , namely,
Employing the first law, the temperature and angular velocity can be calculated as Solving the mass equation (31), the parameter is
After a simple calculation, we have
Combining with (32) and (35), we obtain
Now, we turn to consider the extremality for the black hole solution. An extremal black hole has a vanishing temperature, and thus these quantities satisfy the following equation
Obviously, this equation admits four roots of S, which are
where Q = πl 2 6(1 + )
A detailed analysis shows that S 3 and S 4 are imaginary, and S 2 is negative. So S 1 denotes the extremality. Inserting S 1 into (36), we can obtain the right side of (2) for the Kerr-AdS black hole, i.e., R ≡ lim M →Mext −T ∂S ∂ M . However, instead of listing the cumbersome calculations, here we illustrate them in Fig. 1 , where the angular momentum J = 1, and l=0.1, 0.2, and 0.3 from top to bottom. As shown in the figure, we find that R slowly decreases with for fixed J and l, and moreover, R also decreases with l.
Plugging S 1 into (31), we get the mass bound for the Kerr-AdS black hole. The result is plotted in Fig. 2 . For a fixed J, the figure shows that the mass bound increases with the parameter . This behavior is the same as that of the rotating BTZ black hole. It is also straightforward to calculate the left side of (2) at the extremality for the Kerr-AdS black hole, which is given by
.
(42) Considering that S 1 satisfies (37), the above equation will be nicely reduced to
Obviously, comparing with (36), it equals to R. Thus the left and right sides of (2) meet each other for the Kerr-AdS black hole, and equation (2) is confirmed. Next, we continue to check the angular momentum-extremality relation (3) . By solving J from the vanishing temperature, we obtain another extremality condition J = S π 2 l 4 + 4πl 2 S( + 1) + 3S 2 ( + 1) 2 2π 2 l 2 .
Using (34), one gets
Further, we can obtain the following result at the extremality
In order to check the second extremality relation (3) . We solve the vanishing temperature in (32), and obtain the following relation
Inserting this relation into (43), we find (∂ M ext ) J,l exactly equals to (46). Thus, we confirm the second extremality relation (3) for the rotating Kerr-AdS black hole.
IV. SUMMARY
In this paper, we investigated the thermodynamic relation between the shifted entropy and mass bound when a constant correction to the action is included in the rotating black hole backgrounds.
For both the rotating BTZ and Kerr-AdS black holes, we found that the shifted mass bounds increase with the constant correction parameter , which indicates that the correction could help the black hole to satisfy the WGC condition as the charged black holes do.
For the first time, we also confirmed the Goon-Penco relation (2), a universal relation between the shifted entropy and mass bound, in the rotating black hole backgrounds. In particular, this relation holds for three-and fourdimensional spacetime. Furthermore, we proposed a new angular momentum-extremality relation (3) for the rotating black holes, and confirmed it for both the rotating BTZ and Kerr-AdS black holes.
As an extension, we would like to suggest the following conjecture. If the first law of the black hole thermodynamics is
then we conjecture that even the higher-derivative corrections are included in the action, the following extremality relations
hold for any black hole solution in any dimensional spacetime when the third law of thermodynamics satisfies. By taking X i = J, it leads to the extremality relation (3) . We believe that these new relations will shed new light on the region of quantum gravity.
